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BURGERS AND KADOMTSEV-PETVIASHVILI HIERARCHIES: A
FUNCTIONAL REPRESENTATION APPROACH

A. Dimakis* and F. Miiller-Hoissen'

Functional representations of (matrix) Burgers and potential Kadomtsev—Petviashvili (pKP) hierarchies
(and others), as well as some corresponding Bécklund transformations, can be obtained surprisingly simply
from a “discrete” functional zero-curvature equation. We use these representations to show that any
solution of a Burgers hierarchy is also a solution of the pKP hierarchy. Moreover, the pKP hierarchy can
be expressed in the form of an inhomogeneous Burgers hierarchy. In particular, this leads to an extension
of the Cole—Hopf transformation to the pKP hierarchy. Furthermore, these hierarchies are solved by the

solutions of certain functional Riccati equations.

Keywords: Burgers hierarchy, Cole-Hopf transformation, Kadomtsev—Petviashvili hierarchy, functional
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1. Introduction

It was noted in [1] that any solution of the first two equations of the Burgers hierarchy [2]-[10] is
also a solution of the potential Kadomtsev—Petviashvili (pKP) equation. The generalization to the case
where the dependent variables take their values in a matrix (or, more generally, an associative and typically
noncommutative) algebra A appeared in [11]. It can be easily shown using functional representations
(i.e., generating equations depending on auxiliary indeterminates) of the corresponding hierarchies that
any solution of the (“noncommutative”) Burgers hierarchy indeed also solves the (“noncommutative”) pKP
hierarchy (see Sec. 4). Moreover, it turns out that the pKP hierarchy can be expressed as an inhomogeneous
Burgers hierarchy. This means that there is a functional form of the pKP hierarchy involving a matrix
function as an inhomogeneous term. If this term is set to zero, then the functional form of the pKP
hierarchy reduces to a functional form of the Burgers hierarchy.

Our starting point for generating functional representations of integrable hierarchies is a functional
zero-curvature (Zakharov—Shabat) equation, which we recall in Sec. 2 (also see [12], [13]). In Sec. 3, we
then treat the simplest nontrivial example: a Burgers hierarchy with the dependent variable in A. We
consider another version of the Burgers hierarchy in the appendix. In Sec. 4, we address the case of the
pKP hierarchy and its relations to Burgers hierarchies. In particular, we obtain an extension of the Cole—
Hopf transformation from the Burgers to the pKP hierarchy, generalizing a result in [11]. In Sec. 5, we
show that there is a functional Riccati equation that implies the pKP hierarchy and that reduces under
certain conditions to a certain functional Riccati equation that implies the Burgers hierarchy. Because such
Riccati equations can be solved explicitly, this offers a quick way to obtain exact solutions. If a “rank-one
condition” is imposed (see [14] and the references therein), then these solutions of matrix hierarchies lead
to solutions of the corresponding scalar hierarchies.
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2. The functional zero-curvature condition

The integrability conditions of a linear system
O, =Bpy, n=12,..., (2.1)
with the independent variables t := (¢, ta,t3,...) are the Zakharov—Shabat (zero-curvature) conditions
O, Bm, — O,, B, = [Bn, Bn]- (2.2)

We learned [12], [13] that for several important hierarchies, instead of the partial derivatives d;, , it is more
convenient to use the operators

~ = O, O

ni=pn(=0),  9:=(08,,22 22 ), (2.3)
273

where p,, are the elementary Schur polynomials; this insight can be traced back to [15] (also see [16]). In

particular, we have

N . . 1 1
Xo = id, X1 = =0, X2 = —55152 + 53317

. 1 1 1
X3 = _§8t3 + §8t28t1 — gatgla

1 1 1 1 1
Xa = =70 + 301,00, + 5332 - Zatzafl + ﬂa;ﬁ.
An equivalent form of the above linear system is then

Yoy = ENY, (2.4)

where A is an indeterminate and E(\) = ), ., A"E, is a formal power series in A. The coefficients &,
can be expressed in terms of the B,, and vice versa. For example, By = =&, By = =28 — &1, + 812,
and By = —3E&3 — 3&24, — Ertyty + 261.4,E1 + E1€14y + 3E2E1 — EF. In (2.4), we use the notation [\] :=
(XN, A2/2,X03/3,...) and

oo

Fon(®) = f(t = [N) =D A"Xn(f) (2.5)

n=0

(as a formal power series in \) for any object f dependent on t. This is sometimes called a Miwa shift. We

also use “positive” Miwa shifts, fix(t) := f(t + [A]) = Yone o A"Xn(f) With X, := p,(0). The integrability
conditions are now

EN) € () = E() - EN). (2.6)

where A and p are indeterminates. If £()) is regarded as a parallel transport operator, then (2.6) can be
interpreted as a “discrete” zero-curvature condition, as depicted in the (commutative) diagram
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Here, “discrete” is used in the sense of [16] (also see [17], [18] for an approach to integrable equations via
discrete zero-curvature equations).

Introducing a “discrete” gauge potential (see [19], [20]) by
EN) =T1-MA(N), (2.7)

where T is the unit element of the (typically matrix) algebra from which the coefficients of the formal power
series A()) are taken,! we can write (2.6) as

YO ) =T ), T ) = (AR — AN ) + AN - Alp). (2.8)

Equation (2.6) has the gauge invariance?

EA) = B_pEWBT'=£&'(N (2.9)

with an invertible B. This originates from the transformation ¢’ = B of linear system (2.4). In particular,
Bécklund (or Darboux) transformations thus arise (see, e.g., [21]). In terms of the gauge potential, (2.9) is

A HB = B_py) = A(NB = B_yAN). (2.10)

In Sec. 3, a Burgers hierarchy results from the simplest nontrivial ansatz for £(\) (also see the appendix
for another version of the matrix Burgers hierarchy). If the gauge potential is linear in the operator of partial
differentiation with respect to the variable x, we obtain the pKP hierarchy (see Sec. 4). There are more
examples (also see [12], [13]) and a generalization of (2.6) that covers multicomponent hierarchies.

3. The Burgers hierarchy and Cole-Hopf and Backlund
transformations in functional form
We choose

EN) =1- )¢, (3.1)

and the gauge potential A(\) = ¢ is hence independent of A\. We can then express (2.6) as

w(A) = w(p), wA) = A" p — o) + S\ ¢ (3.2)
Because limy_ow(\) = ¢, + ¢?, where x := t1, this turns out to be equivalent to
Q) =w\) — e —¢° = (¢ — b)) (A" —¢) — ¢ =0, (3.3)

which is a functional representation of a (“noncommutative”) Burgers hierarchy. The first hierarchy equa-
tion is the Burgers equation ¢, = ¢, + 2¢,¢, where y := to. From (3.1), we obtain By = ¢, Ba = ¢y, + ¢?,
B3 = ¢y,1, + 20,0+ by, + @3, and so on. Zakharov-Shabat equations (2.2) then also produce the Burgers
hierarchy equations.

Because the curvature vanishes, we can expect that there is a gauge in which the gauge potential A
vanishes. Hence, we seek an invertible f such that

f:[l)\]g()‘)f =1 (3'4)
(i.e., &(A) =1 and B = f~!in (2.9)), which is
AT = fopy) = of (3.5)

IMore generally, the coefficients of the formal power series £(\) and A()) can be elements of any unital associative algebra
A whose elements are differentiable with respect to the set of coordinates t (which requires a Banach space structure on A).
Then 9 is an element of a left A-module.

2Transformation (2.9) extends the above planar diagram to a “commutative cube,” where B acts along the orthogonal
bonds.
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Proposition 1. Equation (3.5) is a functional representation of the Cole-Hopf transformation
¢=fuf 7" (3.6)
O, f=0"f, n=23,.... (3.7)

Any invertible f that solves linear “heat hierarchy” (3.7) determines a solution of the Burgers hierarchy
via (3.6).3

This noncommutative version of the Cole-Hopf transformation (see, e.g., [3], [7], [11], [22]-[26]) for the
Burgers equation appeared, for instance, in [3], [26]—[28].

Proof. A well-known identity for the elementary Schur polynomials p,, leads to

n n—2
nXn ==Y OXnk == OpXnk— 0, + 00, ,, n=2.3....
k=1 k=1

Using this, we prove by induction that for an arbitrary integer N > 1, the first IV equations of the system
in (3.7) are equivalent to the first N equations %, (f) =0, n = 2,3,.... Together with (3.6), these equations
are equivalent to (3.5). Furthermore, the integrability condition for (3.5) is Burgers hierarchy equation (3.2).

Remark 1. Special solutions of heat hierarchy (3.7) are given by arbitrary linear combinations of the

Schur polynomials p,,(t), n = 0,1,2, ..., with constant coefficients in A. In particular, with constant P € A,
P = "pu(t)P",  E(P)i= ) tm P (3.8)
n>0 m>1

is a (formal) solution.
Transformation equation (2.10) is now
/\71(3—8_[)\]) e (b/B—B_md). (3.9)
In the limit as A — 0, this implies
¢ =BspB ' + BB (3.10)

Using this equation to eliminate ¢’ from (3.9) yields
(B=B_p)(A' —¢) =B,. (3.11)

Together with (3.10), this is equivalent to (3.9). Any invertible B that satisfies (3.11) generates a new
solution ¢’ from a given solution ¢ of the Burgers hierarchy via (3.10). Because (3.11) is linear in B, linear
combinations of solutions (with constant left coefficients) are again solutions of (3.11). Comparing (3.11)
with (3.3) shows that B = ¢ is a particular solution. Obviously, any constant element « also satisfies (3.11).
Hence, B = a + 3¢ with arbitrary constants a and 3 satisfies these conditions, and (3.10) becomes

¢ = (a+ B)p(a + B6) " + Bon(a + Bo) (3.12)
assuming that the inverse exists. This covers the elementary Bécklund (or Darboux) transformations
obtained in [3], [9], [24], [29], [30].

3Conversely, if ¢ solves the Burgers hierarchy, then we choose f such that f; = ¢f. Then

0=QWNf = (9 = o_p) N (F = fz) — fo]
implies that f solves the heat hierarchy if 9z — ¢_[y] is invertible.

936



4. The potential KP hierarchy in functional form and relations to
the Burgers hierarchy

If we choose*
EN) =T1—-X(w(X) +9), (4.1)

ie., AX) = w(A) + 9, where d = 9,, then (2.8) leads to the equations

A Hw(p) = w(p) ) +w(p) - ywd) +wX)e =

= (w(N) = wN) ) + wN)—pgw(p) + w(p)s (4.2)
and
W) — W) = wl) — w()_ gy (13)
Equation (4.3) is solved by
w(A) = ¢ — o, (4.4)
and Eq. (4.2) then becomes
W) ) = w() -y = w(A) = w(p) = (62 + %) 3 + (b + 6°) ) (4.5)

with the definition in (3.2) taken into account. Summing this expression three times with cyclically permuted
indeterminates A1, Az, and Ag results in the Bogdanov-Konopelchenko (BK) functional equation [31], [32],

3
Z €ijkw(Ai)_r,) =0, (4.6)
ij,k=1

where €;;;, is totally antisymmetric with €193 = 1. This determines the pKP hierarchy and is equivalent
to (4.5). Expanding (4.5) in A and p yields 0,¢ = 0y, ¢ and

XmXn+1(®) = XnXm+1(9) = Xm ()Zn((b)gb) = Xn ()A(m(gb)(b)v m,n =12 ... (4.7)

An equivalent expression for the pKP hierarchy (in the scalar case) already appeared in [33] (also see [10],
[12]). For m = 1 and n = 2, this yields the pKP equation

(4¢t - (bwmm - 6¢w2)m - 3¢UU + 6[¢LE7 ¢y] = 07 (48)

where © = t1, y = to, and t = t3. Comparing (3.2) with (4.5) shows that any solution of the Burgers
hierarchy considered in Sec. 3 also solves the pKP hierarchy.

Remark 2. There is a (Sato-Wilson) pseudodifferential operator W = I + 37 _ w,0~" such that
B =W~1in (2.9) transforms £()\) into £'(\) = I — \J. It is determined (up to multiplication by a constant
operator I+ . c,07") by

W1 — Wi\ = P_[\] — P Wit — Wos1,— ] = A (W — W —[3]) — Wnw — (¢ — d—[z]) wa-

4Starting instead with £(A) = I — Av(M\)9 leads in the same way to the modified KP hierarchy [12]. The two choices of
E(A) are related by a gauge transformation (Miura transformation).
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4.1. The pKP hierarchy as an inhomogeneous Burgers hierarchy. We observe that (4.5) can
also be written as

Qp) = Q) -y = Q) = QA ), (4.9)

where () is the expression defined in (3.3) in terms of ¢. As a consequence, the pKP hierarchy becomes
Q) =0—0_y (4.10)

with some 6. If the right-hand side vanishes, i.e., if 8 is constant, then this is precisely functional represen-
tation (3.3) of the Burgers hierarchy considered in Sec. 3. Representation (4.10) is equivalent to

Xn+1(@) = Xn(@)p = Xn(0), n=1,2,.... (4.11)
The first two equations are

¢y = Gza + 2020 + 20,
3 (4.12)
bt = Guow + 36220 + 300" + 3006 + 3020 + 5 (0 + bz

after we use the first equation to replace ¢, in the second. For constant 6, these are the first two equations

of the Burgers hierarchy. Eliminating 6 from (4.12), we recover pKP equation (4.8).
Applying a Miwa shift to (4.5) leads to

DA — @)y = @A) = D) — (¢ + 0P + (B2 + %) (4.13)

where

Because this can be written as
Q) — QA = Qp) ) — Q(w) (4.14)

with

Q\) =0y — 0 (4.15)

with some #. The functions # and 6 are related by 0—0= ¢, + @2 If 0 is constant (and the right-hand
side hence vanishes), then the last equation reduces to the “opposite” Burgers hierarchy (see the appendix)

A"+ 9) (o — @) = ¢as (4.16)
which starts with ¢y = —¢z. — 2¢¢,. In particular, we have the following result.

Proposition 2. Any solution of either of the two Burgers hierarchies also solves the pKP hierarchy.
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4.2. A Cole—Hopf transformation for the matrix pKP hierarchy.

Theorem. Let (A, -) be the algebra of M x N matrices of functions of t with the product
A-B=AQB, (4.17)

where the ordinary matrix product is used in the right-hand side and @) is a constant N x M matrix. Let
X be an invertible NxN matrix and Y € A be such that X and Y solve linear heat hierarchy (3.7) and
satisfy

Xz =RX+QY (4.18)

with a constant NxN matrix R. Then the pKP hierarchy in (A, -) is solved by
(b = YXil. (419)

Proof. Using (4.19), we can write the expression Q()) defined in (3.3) (where a factor @) enters the
nonlinear term because of (4.17)) as

Q) = (¢ — d- ) (X —QYV)X T+ (AHY = Yy) = Vo) X1 =

— o (ATHX = X y) = X)X
If X and Y solve the heat hierarchy, then x,(X) =0=x,(Y), n =2,3,..., and hence
AMHX —X_ ) =X, MY -Y ) =Y.
Using these equations, we reduce the above expression for Q(\) to
Q) = (¢ — d_\) (X —QY)X L.

If R:= (X, — QY)X ! is constant, which means that (4.18) holds, then this takes form (4.10) of the pKP
hierarchy with § = ¢R.5 Therefore, ¢ solves the pKP hierarchy.

If R =0, then (4.18) and (4.19) with M = N and Q = Iy reduce to ¢ = X, X !, and we recover the
Cole—Hopf transformation for the Burgers hierarchy. We note that the conditions imposed on X already
imply Q()\_l (Y Y A]) — Ym) =0 and Y therefore automatically satisfies the heat hierarchy if @) has the
maximum rank. Furthermore, if we consider Q¢ instead of ¢, then the assumption on Y is unnecessary.

Corollary. Let X solve the heat hierarchy and (4.18) with some Y. Then Q¢ with ¢ given by (4.19)
solves the (N x N )-matrix pKP hierarchy with the usual matrix product.

A similar result appeared already in [11] for the case where rank@ = 1 (see [14] and the references
therein). Then tr(QA - B) = tr(QA) tr(QB); hence, by (4.18), the function

v :=tr(Qp) = —tr R+ (log 7), 7:=det X, (4.20)

solves the scalar pKP hierarchy.

5We also note that § = 0 + ¢ + Qb = Yo X1 by (4.18).
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4.3. Backlund and Darboux transformations. Substituting the ansatz B = b(t) — d in (2.10)
leads to the two equations

b—¢' +o=(b—¢ +¢)_|y (4.21)
and
ATHb=bopy) = be = (&' = )b = by (6 = dopy) + (0 — b)), (4.22)
The solution of (4.21) is
b=¢ — ¢ (4.23)

(an additive constant is absorbed into ¢’). Equation (4.22) can then be written as

where /() is built with ¢’ and T'(¢, ¢') := (¢’ — ¢)¢ — ¢, This is an elementary Béacklund transformation
(BT) of the pKP hierarchy. Extending the above ansatz for B to the nth order in J leads to equations
determining nth-order BTs. These are solved by an n-fold product of elementary BTs.
Using (4.10), we find
0=T(¢,¢)+0 —0=¢'¢p+6 —0. (4.25)

Let B, denote the BT taking a pKP solution ¢, to a new solution ¢,. The permutability relation®
8(371)8(170) = 8(372)8(270) then results in

(¢2 — d1)e = P3(d2 — 1) + (P2 — 1) o + &7 — 3. (4.26)

In the commutative scalar case, setting ¢ = 7,,/7 with a function 7 yields 7973 = 7172, — 71 s72. Rela-
tion (4.26) algebraically determines a new solution ¢3 in terms of a given solution ¢ and the corresponding
Bécklund descendants ¢ and ¢s.

In the case under consideration, linear system (2.4) becomes

A =) — e = (¢ — o) (4.27)
(see [15] for an equivalent version in the scalar case). If ¢ is invertible, then we obtain
d—d_py =AW =) = (4.28)
Using (4.23) to eliminate ¢’ from (4.22) and then using (4.28) to eliminate ¢ — ¢_y results in
(b=t Da+ (b= utp™ ) (b+ Aoy —
= (b + AT ) (0= Yo T) = 0. (4.29)

This equation is obviously solved by

b=t (4.30)
Hence, if 91 solves the linear system with a solution ¢ of the pKP hierarchy, then
¢ = ¢+ raty (4.31)

is a new solution of the pKP hierarchy.” This is a Darboux transformation [30], [34]-[36].

6We note that this is also a discrete zero-curvature condition.
"Moreover, ¥ = B = 1y — wl,zdiflw satisfies the linear system with ¢’.
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5. Functional Riccati equations associated with KP and Burgers
hierarchies: Toward exact solutions

We consider BK functional equation (4.6) in the algebra (A, - ), where A is the set of M XN matrices
of complex functions of t, supplied with product (4.17). The simplest nontrivial equation, which results
from this formula by expanding in powers of the indeterminates, is the matrix pKP equation

(4¢t - ¢mmm - 6¢1Q¢m)m = 3¢yy - 6(¢mQ¢u - ¢UQ¢1) (5'1)

As a consequence, ¢@) satisfies the (M x M )-matrix pKP hierarchy, and Q¢ satisfies the (N x N)-matrix pKP
hierarchy. Moreover, if @ = VUT with an Nxm matrix V and an M xm matrix U, then UT¢V satisfies
the (mxm)-matrix pKP hierarchy. In particular, for m = 1, this becomes the scalar pKP hierarchy, and @
has the rank one.
The crucial observation now is that the BK functional equation and hence the pKP hierarchy are
satisfied if ¢ solves
w(A) :S+L(J5—¢_[>\]R (5.2)

with constant matrices S, L, and R with the respective dimensions M x N, M x M, and N x N. This is
a functional matrix Riccati equation for ¢,

AN o—0_n) =S+ Lo—d_\R— d_\Qo (5.3)
The integrability condition for this functional equation is satisfied® because
_ _ -1
(@-) gy = (A = D)oy = SI[A = R) = Qo] =

=[A'=L(p ' -Lgp—- A" —p S+ LS+ SR+ SQ¢] x

1

X (AT =R) (' = R) = (A +p7h)Qo + (RQ + QL)¢ + QS| (5.4)
is symmetric in A and p and therefore equals ((b_w)_[/\]. The Riccati equation implies
QN = (6 - o-p)R Q) = L(dpy — 9)- (5.5)

This shows that with R = 0 or L = 0, any solution of (5.3) also solves the respective Burgers hierarchy (3.3)
or opposite Burgers hierarchy (4.16) in (A, -).

It is well known that matrix Riccati equations can be linearized [37], [38]. This is achieved by regarding
#(t) as an element of the Grassmannian G(N, N + M) of N-dimensional linear subspaces of CN*tM via
k(¢) = span(In, ¢T)T because k~1: G(N, N + M) — CM*N defines a chart for the manifold G(N, N + M).
In fact, (5.3) can be lifted to a linear equation on the space of (N+M)x N matrices:

NN Z-Z_y)=HZ, (5.6)
where
X R Q
Z= , H= : (5.7)
Y S L
Hence,
AHX =X ) =RX+QY, MUY -Y_y)=SX+LY. (5.8)

8This also follows from our work in [10] and is the reason for the choice of the right-hand side of (5.2).
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If X is invertible and
p=YX1 (5.9)

then these equations imply

6y = Yoy XThy = [0 = A(S + Lo)] [In — AR +Qp)] ', (5.10)

which is (5.3). Therefore, any solution Z of linear functional equation (5.6) with an invertible X determines
a solution (5.9) of functional matrix Riccati equation (5.3) and hence a solution of the matrix pKP hierarchy
we started with.

Remark 3. The first equation in (5.8) is equivalent to (4.18) and the heat hierarchy for X. Because
the second equation in (5.8) implies that Y must also solve the heat hierarchy, the ¢ determined by (5.9)
already solves the pKP hierarchy by the theorem in Sec. 4.2 without using the additional equation Y, =
SX + LY, which results from the second equation in (5.8), but this equation helps select interesting classes
of solutions (see below). In any case, the Riccati approach corresponds to a class of (generalized) Cole-Hopf
transformations in the sense of the theorem above. We also note that § = S + L.

The general solution of (5.6) is

7 =M g E(H) = Z H"t,, Zy = <X0> , (5.11)

n>1 Yb

where X is invertible. As a consequence, Z;, = H"Z. Setting

) <:” :12> , (5.12)

Ho1 EHoo

we have

¢ = (E21 + Ea2¢0) (En1 + Enao) ', (5.13)

where ¢o = Yo X ! This is a matrix fractional transformation with coefficients depending on t. For any
choice of the matrices S, L, R, and @, this ¢ is a solution of the pKP hierarchy in the matrix algebra with
product (4.17). The practical problem is to compute e¢UH) explicitly.

Remark 4. With Z = e£H) 7, TZ also satisfies (5.6) if T is constant and commutes with H. In
particular, T' = kIy 4 n + H with any constant £ induces such a transformation. It results in the matrix
fractional transformation (with constant coefficients) ¢’ = (S + L'¢)(R' + Q¢) ™!, where L' := L+ kI and
R =R+ kly.

Example 1. Let S =0 and Q = RK — KL with a constant N xM matrix K. Then we have

. < R Ln> - <§<R> ERK - K€<L>> | (5.14)
0 I 0 ¢(L)
and hence ¢(R)  LE(R) &(L)
K-K
e (e 0 e ) e ) (5.15)

942



Therefore, (5.13) becomes
¢ = e* P go(Iy + Ko — e S K et ) =1t (), (5.16)
If @ has rank one, then we obtain the scalar pKP hierarchy solution

o =tr(Qg) = trlog(In + K¢g — e WKt Dgy) = (logT)s,
(5.17)
7=det(Iy + K¢ — e S K Fgy),

which includes well-known formulas for KP multisolitons [39] and resonances (see, e.g., [40], [41] and the
references therein).

Example 2. Let M = N,and let L = S7_, R=n;S, and Q = 74 S7_ with constant N x N matrices
S and 74 such that 74 +7_ = In. It is easy to see that

Sy St
2L B (5.18)
Sm S™_

As a consequence, we obtain

IO ety (88 — Iy)m_ (5.19)
PG I N M '
and (5.13) is
¢=(—A+ B r_A+n efEB) (5.20)
where A := Iy — m1¢p and B := Iy + n_¢o. If rank(rS7_) =1, then
v =tr(Q¢) = —tr(n+S) + (log 7).y, T =det(m_A+ 7r+eE(S)B). (5.21)

For example, we let N = m + n and choose

I, 0 0 0
7T—<0 0), 7T+—<0 I>' (5.22)

We set
(P0)+—  (¢0)++ S, Syy
Because rank ) = 1 means rank S;_ =1 (also see [14]), we obtain
7 =det((e*®), , + (59), (d0)—+)- (5.24)

In particular, if S is the shift operator Se; = e;41, then this determines 7-functions, which can be expressed
in terms of Schur polynomials. This corresponds to a finite version of the Sato theory (see [14]). For
example, if m =n =2 and (¢9)—4 = (¢ }), then we obtain

x2 x? x3 z?
=1 — dly— — blt— — d—>b —xt 24 ).
T —|—cx—|—a(y+ 2>—|— (y 2>—|— < 3>+(a c)< xt+y +12)
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Appendix: Opposite Burgers hierarchy and beyond

We generalize the ansatz for £(\) considered in Sec. 3 to

N =T=X) X6 (A1)
n>0
Then (2.8) becomes
Xnt1(0m) = Xom41($n) = Y Xk (bm) Sk — ZXk D) Pm—k, (A.2)
k=0 k=0
where m,n = 0,1,2,.... This is an infinite system of coupled equations. As in Sec. 3, we seek a gauge

transformation such that condition (3.4) is satisfied, which is

Y= Fopg) =D Aot (A.3)

n>0

Expanding the left-hand side in powers of A, we obtain a generalized Cole-Hopf transformation,

¢0:fmf_17 ¢n:_>2n+1(f)f_lv n=12.... (A4)

By construction, this solves the zero-curvature equation and hence hierarchy (A.2). Gauge transforma-
tion (2.10) becomes
ATHB = B_py) = > AN(,B = B_xén), (A.5)

and hence

¢y = BooB ™ + B.B7,

(A.6)
Lnt1(B) = —¢l, B+Z><k Yo, n=12 ...
Example 3. If we set ¢, = —xn(¢), n =0,1,..., and hence
EN) =1+ Ap_p, (A.7)
then the subsystem of (A.2) for m =0 is
Xn41(0) + Xn (90 +0°) = Xn(@)0 =0, n=0,1,..., (A.8)

which in functional form after a Miwa shift becomes representation (4.16) of the “opposite” Burgers hier-
archy. The remaining equations resulting from (A.2) are

XmXn+1(®) = XnXm+1(4) = Z)Z —kXn(® Z)A( —kXm(®)Xk(9),
k=1
where m,n = 1,2,.... By the Hasse-Schmidt derivation property of the X, this is form (4.7) of the

pKP hierarchy. But we already know that the pKP hierarchy is satisfied as a consequence of the Burgers
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hierarchy. Equations (A.4) become

(b:_fﬂcf_lu )A(n((b):f(n-i-l(f)f_lv n=12,.... (AQ)

This leads to the linear functional equation

fol =1 A D (A.10)
and hence x,,(f~!) =0 for n = 2,3, ..., which is equivalent to the version of a linear heat hierarchy
O, (f71) = (=1)"Tar(f Y, n=23,.... (A11)

As a consequence, if f~! solves linear hierarchy (A.11), then ¢ = —f,f~! solves Burgers hierarchy (4.16)
and also the pKP hierarchy.
Equations (A.6) become

¢ =BoB™' — BB, (I+X¢")Bpy = B(I + X\op). (A.12)
Using the first equation in the second to eliminate ¢’ yields an equation linear in B!,
AT+ 0) (B - BN = (B (A.13)

Comparing this with Burgers hierarchy system (4.16) shows that B~! = ¢ is a solution. More generally,
B~! = a + ¢3 with any constant a and 3 solves this equation.

Example 4. Setting ¢, = 0 for n > 0 and ¢ := ¢ reduces hierarchy (A.2) to the Burgers hierarchy
in Sec. 3, and the second equation in (A.4) requires that f solve the linear heat hierarchy. If we relax the
constraint to ¢, = 0 for n > 1, thus leaving ¢y and ¢; as dependent variables, then (A.2) results in

(Xn41(d0) — Xn(P0)P0 — Xn—1(00)P1)dm.0 +
+ (Xnt1(61) = Xn(61)d0 = Xn—1(41)P1) 1 =
= (Xm+1(00) — Xm(00)Po — Xm—1(0)P1)0n,0 +

+ (Rm+1(d1) = Xim(01)P0 — Xm—1(01)P1) 0 1 (A.14)

It suffices to consider m < n. For m = 0 and n = 1, this yields

¢O,y - ¢O,ww - 2¢0,I¢0 = 2¢1,m + 2[¢17 ¢0] (A15)

The equations of system (A.14) for m =0 and n > 1 are

Xn+1(00) = Xn(®0)Po — Xn—1(¢0)p1 =0, n=2,3,..., (A.16)

and for m =1 and n > 1 are

)Zn+1(¢l) _)Zn((bl)QbO —Xn71(¢1)¢1 - 07 n = 2735"" (A17)
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In the case under consideration, Egs. (A.4) become

¢0 :facfila ¢1 :_XQ(f)fil = (fy_fﬂﬁx)fila (A18)
and
Wn(f) =0, n=34,..., (A.19)

which is not equivalent to the heat hierarchy, because Y2(f) = 0 is missing.
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